\
) |
P 9

,
y

N
A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

ya \

A
A

/A \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

TRANSACTIONS

PHILOSOPHICAL THE ROYAL
OF SOCIETY

On the Oblique Reflexion and Transmission of
Ocean Waves at Shore Fast Sea Ice

Colin Fox and Vernon A. Squire

Phil. Trans. R. Soc. Lond. A 1994 347, 185-218
doi: 10.1098/rsta.1994.0044

i i i Receive free email alerts when new articles cite this article - sign up in
Email alerti ng service the box at the top right-hand corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to:
http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1994 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;347/1682/185&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/347/1682/185.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

On the oblique reflexion and transmission of
ocean waves at shore fast sea icef

By CoLiNFox! AND VERNON A. SQUIRE?

! Department of Mathematics, The University of Auckland,
Private Bag 92019, Auckland, New Zealand
2Department of Mathematics and Statistics, University of Otago,

/ \\ \\

AL B

<L P.O. Boz 56, Dunedin, New Zealand
—
= > ¢
O —~ ontents
I~ E . PAGE
O 1. Introduction 187
T 0O (a) Historical résumé 189
~ 2. The mathematical model 190
—w (a) Geometry 190
5z (b) The boundary value problem 191
EQ (¢) Method of solution 193
85 n 3. Features of the model 197
ag O (a) Constants used in the model 197
9<Z‘1 (b) Deep water 197
Te (¢) The critical angle 198
- (d) Surface displacements 199
(e) Strain in the ice sheet 200
4. Results 201
(a) Reflexion and transmission plots 201
(b) Three-dimensional plots 203
(¢) Strain 204
(d) Energy density 209
5. Conclusions 213
References 216

A mathematical model is reported describing the oblique reflexion and penetra-
tion of ocean waves into shore fast sea ice. The arbitrary depth model allows all
velocity potentials occurring in the open water region to be matched precisely
to their counterparts in the ice-covered region. Matching is done using a precon-

2 ditioned conjugate gradient technique which allows the complete solution to be
P found to a predefined precision. The model enables the reflexion and transmission
olm coefficients at the ice edge to be found, and examples are reported for ice plates
(=4 E of different thicknesses. A critical angle is predicted beyond which no travelling
43N @) wave penetrates the ice sheet; in this case the deflexion of the ice is due only to
O evanescent modes. Critical angle curves are provided for various ice thicknesses
=w on deep, intermediate and shallow water. The strain field which is set up within
<2
QO 1 This paper was produced from the authors’ disk by using the TEX typesetting system.
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186 C. Fox and V. A. Squire

the ice sheet due to the incoming waves is also discussed; principal strains are
provided as are the strains normal to the ice edge. Finally the spreading function
within the ice cover, and some consequences of this function to unimodal seas
with realistic open water spreading functions, are reported with the aim of gen-
eralizing the work to model the effect of shore fast ice on an incoming directional
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wave spectrum of specified structure.

Nomenclature

an, coefficients of bounded evanescent modes in water
by coefficients of first damped travelling mode

b_ coefficients of second damped travelling mode

by, coefficients of bounded evanescent modes in the ice
f frequency

fm frequency of peak in power spectral density

g acceleration due to gravity

h ice thickness

i V-1

k generic wave number in open water

k, wave number in y-direction, i.e. vertical

k., wave number in z-direction, i.e. parallel to ice edge
+ikyp, +k, roots of dispersion relation (2.17) for open water
kr travelling water wave number

k. travelling water wave number in z-direction

k., evanescent water wave numbers

k!, evanescent water wave numbers in z-direction

m = pih mass per unit area of the ice plate

r(z,z,0) radius of curvature of ice sheet at (z, z) in direction
s(z,z,0) infinitesimal strain in direction 6 at a point (z, 2)

t time

T horizontal coordinate perpendicular to the ice edge
y vertical (positive upwards from sea floor) coordinate
z horizontal (along ice edge) coordinate

E effective elastic modulus

E, incident energy density

E; transmitted energy density

G.(6,) open water spreading function

Gi(6;) spreading function in ice sheet

N

Egﬁ/1z(1-y2)
)

—~~
&8 |l
N

S A
8]
N

water depth

effective flexural rigidity

atmospheric pressure on the water surface
differential pressure on the ice surface

coefficient of open water incident travelling wave
coeflicient of open water reflected travelling wave
coeflicient of travelling wave in ice-covered region
the error integral defined by equation (2.21)
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amplitude reflexion coefficient

amplitude transmission coefficient

infinitesimal strain tensor at a point (z, 2) in ice sheet
displacement of the surface from equilibrium

generic ice wave number

roots of dispersion relation (2.19) for ice-covered region
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KT travelling ice wave number

Kh travelling ice wave number in z-direction

KDy KD damped ice travelling wave numbers

KD, K damped ice travelling wave numbers in z-direction
Kn evanescent ice wave numbers

K., evanescent ice wave numbers in z-direction
A=2n/k wavelength

v Poisson’s ratio

o(z,y) (z,y) behaviour of complex velocity potential
do(z,y) open water complex velocity potential

iz, y) ice-covered region complex velocity potential
w = 27 /period radian frequency

p density of water

0i density of ice

0 angle to normal at ice edge

6, angle of incidence

0; angle of transmission

0, mean (principal) angle of incidence

o; mean (principal) angle of transmission

Co complex surface displacement in open water

G complex surface displacement in ice-covered region
&(z,y,2,t) complete velocity potential

1. Introduction

Along the coasts of the islands and landmasses of the Arctic and Antarctic
Oceans, and especially within sheltered bays or inlets which may be protected
from significant seas by pack ice or by their geography, sea water freezes during
the winter months into a continuous, relatively featureless, floating sheet of sea
ice known as fast ice. This fast ice often survives well into the spring until the
pack ice departs, abandoning the ice sheet to local storms. Then, in most cases,
the sheet will be broken up by incoming waves and swell to leave the sea surface
free of ice for the cycle to begin again the following winter. In rare cases the
fast ice can survive the summer intact, and can then continue its growth during
subsequent winters until it becomes very thick (Wadhams 1986). In the Arctic
Ocean it is then called sikussak by the Inuit. Ultimately this ice will also break
up, though how this occurs is unknown.

Apart from the zone directly in contact with the landmass, the ice sheet varies
little in thickness and usually has few cracks unless smaller islands are present
within the fast ice sheet itself. At the coast there is a tide crack — as the ice-covered
sea surface must still follow local tides — and there will often be rougher ice and
pressure ridging or hummocking. It is also very common for cracks in the ice to

Phil. Trans. R. Soc. Lond. A (1994)
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188 C. Fox and V. A. Squire

develop between islands, formed probably by local meteorological disturbances
causing divergence and convergence of the ice sheet by coupling directly to the
ice. Away from these features the sea ice has reasonably constant thickness and
relatively homogeneous physical, and hence mechanical, properties in the hori-
zontal plane. Through its thickness, however, properties vary markedly as the
upper surface of the ice is at the ambient air temperature, whereas its underside
is at the temperature of the seawater beneath. Thus there is a strong temperature
gradient through the ice thickness. There is also a salinity gradient, caused by
brine being trapped within the ice structure as it grows. Since this process of brine
entrapment is rate dependent it will be influenced by the developing thickness of
the ice sheet. The mechanical properties of sea ice have been found to depend
on brine volume, which may be computed empirically from the temperature and
salinity profiles through the sheet if these data are available (Frankenstein & Gar-
ner 1967). Fortunately for the modellers, Kerr & Palmer (1972) have shown that
in so far as the elastic response of an ice sheet is concerned, a modified flexural
rigidity may be defined which allows a fully homogeneous plate theory to be used.

The reflexion and transmission of incoming ocean waves at an ice edge and the
character of the so-called ‘ice-coupled’ wave modes within the ice sheet are the
motivation for this paper. One of the authors (V.A.S.) has observed ice-coupled
waves on many occasions, and it is striking that there is significant regularity and
repeatability in their properties from location to location, and from year to year.
Typically, incoming waves are partly reflected at the seaward margin of the ice
sheet, allowing some wave energy to be refracted into the ice as a propagating
wave travelling beneath the plate. Other modes are also generated and these
will be discussed later. The reflected waves lead to particularly hazardous seas
off the edge (Squire & Fox 1990), and this is especially true when the waves
are incident at a fairly large angle as a critical angle exists beyond which total
external reflexion of the sea waves must take place (Squire 1984 b-d). Within the
ice plate the transmitted wave, and additional modes which rapidly decay with
penetration, cause the sheet to flex significantly at an amplitude which depends
on factors such as the incident wave amplitude, the mechanical properties of the
ice, and the ice thickness. This flexing, which can often be observed with the eye,
leads to strains and therefore stresses in the ice sheet which may be large enough
to cause fracture. When fracture does occur, cracks form at well-defined, equally
spaced intervals back from the ice edge. Based on the few observations that are
available, crack spacing is strongly correlated with ice thickness.

Wave propagation in ice-infested seas, whether through pack ice or beneath
shore fast sea ice, is not a new problem. Indeed, it is known even to have been
studied theoretically as early as 1887 (Greenhill 1887), and there are accounts of
observations by whaling ships which predate this by decades. However, it is only
recently that a precise solution has been reported (Fox & Squire 1990, 1991a), all
previous models being based on an incomplete and hence approximate solution
space. The level of approximation involved is discussed in (Fox & Squire 1990) in
relation to the calculation of the reflexion and transmission coefficients at normal
incidence, where it is shown that the approximate theories do not perform well at
moderate ice thicknesses for wave periods less than about 12 s and are hopeless
at short periods. Moreover the approximation becomes worse as ice thickness
increases, or water depth decreases. The current paper considerably extends the
work of Fox & Squire (1990, 1991a) and some additional studies reported in

Phil. Trans. R. Soc. Lond. A (1994)
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Oblique waves at fast ice 189

Fox & Squire (1991b) and Squire & Fox (1991), developing the case of oblique
incidence and some of its implications. The present work also draws on some of
the early publications on wave-ice interaction, and it is for this reason that a
short historical résumé is included.

(a) Historical résumé

In modelling an ice sheet as a thin elastic beam on a fluid foundation, Greenhill
(1887) set the scene for many subsequent publications about wave propagation
beneath ice; he was the first to show, for example, that ice-coupled waves dis-
perse in a different manner from surface gravity waves in open water. Ewing et al.
(1934), Ewing & Crary (1934), and later Press et al. (1951), Press & Ewing (1951)
and Oliver et al. (1954), developed Greenhill’s ideas further in a series of field
experiments and analyses to study elastic and flexural ice-coupled wave propa-
gation in ice of various types, including the compressibility of the water column
and treating the ice as a plate rather than as a beam. The waves were generated
artificially by detonation blasts, and were used to measure the high frequency
Young’s modulus of ice. Roethlisberger (1972) summarizes this programme of
seismic work.

A renewed interest in ice-coupled waves of natural origin developed in the 1950s
with a sequence of papers concerned with the boundary value problem at the ice
edge, and the calculation of the reflexion and transmission coefficients (Peters
1950; Weitz & Keller 1950; Keller & Goldstein 1953; Shapiro & Simpson 1953;
Keller & Weitz 1953). These authors treat the ice as a floating material of uniform
surface density with no elastic properties or viscosity, the so-called mass-loading
model; they are very useful papers for comparison with the more complete theory
presented here as they solve the reduced problem completely and explain certain
limiting features. Furthermore, the simpler theory may offer a reasonable model
for wave propagation through frazil or pancake ice; Wadhams & Holt (1991)
have recently interpreted some synthetic aperture radar observations using this
approach.

Although the elastic thin plate surface boundary condition for the ice sheet as
first proposed by Greenhill was reintroduced by Hendrickson & Webb (1963) and
subsequently by Wadhams (1973, 1986) and Squire (1978, 1984a,b), the (nor-
mal incidence) reflexion and transmission coefficients derived were only found
approximately, as the incomplete set of velocity potentials employed could only
be matched at the surface. The inherent flaw in the model was recognized by
each of the authors, but only Wadhams (1973, 1986) attempted to partly correct
for the mismatch by including an additional potential. Ice-coupled waves have
also been studied by Bates & Shapiro (1980), Grande (1983), Green (1985), by
several Russian authors (e.g. Timokov and Kheisin 1987), and for large ampli-
tude waves, by Forbes (1986, 1988). Recently, some authors (e.g. Weber 1987, Liu
and Mollo-Christensen 1988, Lui et al. 1991a,b, 1992, Squire & Fox 1991) have
used the ice-coupled wave analogy to represent wave propagation through pack
ice, i.e. they have modelled a collection of interacting discrete sea ice floes as a
continuum.

It is the report of Evans & Davies (1968), though a rather obscure publication,
that offers the principal ingress into solving the boundary value problem repre-
senting waves entering a region covered with shore fast ice. These authors, in fact,
attacked the complete problem and used the Weiner-Hopf technique to obtain

Phil. Trans. R. Soc. Lond. A (1994)
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190 C. Fox and V. A. Squire

Figure 1. Schematic showing plane ocean waves obliquely incident on a sheet of shore fast sea
ice. The coordinate system used in the model is located on the sea floor beneath the ice edge as
shown.

its formal solution. Their solution is, however, computationally formidable and
results could only be found for very simple geometries. The present paper draws
on parts of Weitz & Keller (1950), Keller & Weitz (1953), and Evans & Davies
(1968), extending and developing their ideas but using an entirely novel method
of solution which allows us to obtain the complete solution to the appropriate
boundary value problem.

2. The mathematical model

In this section the mathematical model is derived to describe small amplitude
ocean waves propagating from the open ocean into a floating ice sheet. In the small
amplitude limit the differential equations become linear, allowing superposition
techniques to be used. Initially the simple case of single frequency, and hence
steady state, excitation will be considered and the differential equation is derived
with that assumption. The solution for more complicated types of excitation, such
as an incoming directional wave spectrum, can be found by superposing solutions
of the simpler system.

(a) Geometry

A semi-infinite ice sheet of thickness A floats at the surface of water of constant
depth H. A region including part of the ice edge is depicted in figure 1. The figure
also shows the coordinate axes z, y, z and an obliquely incident plane ocean wave.
The sea bottom is the plane y = 0, the equilibrium sea surface is the plane y = H,
and so the water occupies the three-dimensional region defined by —co < z < o0,
0 <y < H, —o0 < z < oo. The ice sheet floats on the water surface in the
semi-infinite region 0 < z < 0o, y = H, —00 < 2 < 00.

Phil. Trans. R. Soc. Lond. A (1994)
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(b) The boundary value problem

As viscous effects in oceanic flow of this amplitude on this scale are negligible
(Phillips 1977), it follows from Kelvin’s theorem that the flow is irrotational and
hence it may be written as the gradient (in the space variables) of some scalar field
®(z,y, 2,t) called the velocity potential. The incompressibility of water, and the
lack of sources within the region then implies that @ satisfies Laplace’s equation,
ie.

V2o =0, (2.1)
at all points and for all time.

(i) Bottom boundary condition

The component of velocity normal to any solid boundaries must vanish. Hence,
at the sea floor the velocity potential satisfies the condition

0P
—| =o. 2.2
3y s (2.2)

(ii) Free-surface boundary condition

Under the small amplitude assumption, the kinematic condition at the surface
of the ocean becomes the linear condition at the equilibrium surface (Stoker 1957),

on 09
ot oy’
where 7(z, z,t) is the displacement of the surface from equilibrium at position z,
z at time ¢.
The dynamic condition at the ocean surface can similarly be linearized and
stated in terms of the potential at the equilibrium surface giving (Stoker 1957)
o¢ P
—+—+4+gn=0, fory=~H, 2.4
ot T, T y (2.4)
where P(z, z) is the pressure at the surface of the water.
The pressure at the free surface in the region —oco < z < 0 is equal to the

constant atmospheric pressure and so n may be eliminated from equations (2.3)
and (2.4) to give

fory=H, (2.3)

*¢ 09

oz~ Y oy’
This is the boundary condition that the small amplitude potential must satisfy
at the free surface of the ocean.

for —co <z <0, y=H. (2.5)

(iii) Ice-covered surface boundary condition

Assuming no cavitation between the ice sheet and the ocean surface, the lin-
earized kinematic and dynamic conditions of equations (2.3) and (2.4) also hold
at the equilibrium surface of the ice-covered region 0 < z < oo, y = H. In this
case 7 is the transverse (i.e. y-direction) displacement of the ice sheet, and P(z, z)
is the pressure at the surface due to the atmosphere, the static pressure of the
ice sheet and the dynamic pressure due to the inertia and stiffness, etc., of the
ice sheet. It is assumed that the ice sheet acts as a thin, linearly elastic plate of

Phil. Trans. R. Soc. Lond. A (1994)
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192 C. Fox and V. A. Squire

uniform mass density p; and thickness h. The choice of a linear elastic model is
consistent with earlier formulations. Linearity is justified because of the small cur-
vatures involved as the ice sheet bends to the passing waves; elasticity is justified
because of the oscillatory nature of the problem which does not allow anelastic
processes to act in any significant way. The extension to a linear viscoelastic plate
theory is not difficult (Squire & Fox 1992). The validity of a thin plate theory
has been demonstrated by Fox & Squire (1991b). With these assumptions the
displacement 7 from equilibrium is related to the differential pressure P, by the
equation (Timoshenko & Woinowsky-Krieger 1970)

4 9*n
where L = Eh®/12(1 — v?) is the flexural rigidity of the ice, E is the effective (i.e.
low strain rate) average Young’s modulus for the ice, v is Poisson’s ratio, m = p;h
is the mass per unit surface area of the ice sheet, and V2, = §2/9z? + 6%/02? is
the Laplacian in the plane of the ice sheet.

When the surface pressure P(z, z) in the linearized dynamic condition (2.4) is
equated to the sum of P, and the constant atmospheric pressure, we find that the
velocity potential must satisfy the relationship,

H? o P
(LViz+m@+pg>6—y+pW=0, fory=H, 0<z<oo, (2.7)

where again equation (2.3) has been used to eliminate 7.

(iv) Ice edge boundary condition

Equation (2.7) is not, in itself, sufficient to determine the motion of the ice plate
uniquely. Additional conditions concerning the bending moment and the shearing
force at the edge of the ice sheet must be imposed. The precise quantities that
must be prescribed at the boundary to completely define the motion can be found
by considering the boundary conditions which arise as the difference between the
differential equation and the variational problem that it leads to.

In Appendix A we develop the natural boundary conditions (A 2) and (A 3) for
the ice sheet corresponding to the requirement that no work is done by, or to, the
edge of the sheet. In terms of the potential, using equation (2.3), these boundary
conditions are:

62
0xody

and

L

V2, 8+(1-v)L®,,.. =0, forz=0", y=H, —o0<z<oo, (2.8)

L(®poy +vPy,,) =0, forz=0", y=H, —00o<z< . (2.9)

(v) The system for wavelike forcing

We suppose now that the forcing of the system has sinusoidal dependence in
z and t, and use complex notation to represent phasors for the time dependence
(e*) and the z-dependence (e'*:?). As the system is linear and is shift invariant
in both time and the z variables, it follows that the resulting velocity potential
can be separated as follows:

D(z,y,2,t) = p(z,y)e elr*, (2.10)
Phil. Trans. R. Soc. Lond. A (1994)
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for some, possibly complex, function ¢(z,y). Note that this development does
not preclude forcing by an incoming sea composed of waves of many frequencies
as superposition may be used. Indeed since any finite-energy forcing function can
be decomposed into a linear combination of sinusoidal forcings, equation (2.10)
does not restrict in any way the class of forcing functions that we may wish to
consider.

Substituting equation (2.10) into equations (2.1), (2.2) and (2.5), we find that
¢(z,y) must satisfy the Helmholtz equation within the water,

o? 9? 9
= 4= = — < .
(6$2+8y2 kz)¢ 0, for—-oco<z<oo, 0<y<H, (2.11)
together with the sea floor boundary condition,
0¢
21—y, 2.12
Byl (2.12)
and a free surface boundary condition,
0
ga—z)—wzq'):O, for —-co<z <0, y=AH. (2.13)

The condition at the ice-covered ocean surface becomes, from equation (2.7),

L<—?—2——k2)2—mw2+ 99 _ ’6=0, fory=H, 0<z<
oz = Py By pwro =, y=4, 0.
(2.14)

Finally, the boundary conditions at the ice edge arising from incoming ocean
waves are, from equation (2.8) and (2.9),

3
(j-C-»KE) =0 fro=0%, y=H, (219
and
8? a6
(@‘ng) 6—y =0, forz=0", y=H. (2‘16)

Equations (2.11) to (2.16) pose a well-defined, classical boundary value problem
for the potential ¢(z,y) which we solve numerically to an arbitrary prescribed
precision.

(¢) Method of solution
(i) Representing the potential as modes

By separating variables on either side of the line z = 0, 0 < y < H, a complete
set of potentials can be found; each satisfying the differential equation (2.11), the
bottom boundary condition (2.12), and either the free surface condition (2.13)
or the ice-covered surface condition (2.14). These potentials are the modes of the
system and any solution of the model can be represented as a combination of
these modes. Each mode can be written in the form ¢(z,y) = ef=2e*v¥  where
k2 — k2 — k2 = 0 must hold in order to satisfy differential equation (2.11). Pairs
of these modes may be combined to give the equivalent set of modes ¢(z,y) =
eF==sin(k,y) and @(z,y) = e+ cos(k,y). However, boundary condition (2.12) at

Phil. Trans. R. Soc. Lond. A (1994)
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the sea floor rules out the modes with sin(k,y) y-dependence, leaving only those
with cos(k,y) y-dependence. Only certain values of k, and k, give rise to modes
which also satisfy either of the boundary conditions at the sea surface.

For convenience, we note that our choice of mode implies an equivalence of
operators as follows:

Vi =k2-k> and V!, =(k2-k)".

Hence, letting k = k,, we obtain k* = k2 — k2, and so V2, = k? and V;, = k*.
Thus, given k, and k we have

ko = +1/k2 + k2.

We are concerned with cases where k, is real so that k2 is real and positive. The
wavenumber k, however, may take on a range of values and k, can be real, pure
imaginary, or sometimes complex. When £k, is real, the mode which has oscillatory
behaviour in the z-direction decays (or grows) exponentially in a direction normal
to the ice edge, i.e. in the z-direction. Such a mode is said to be evanescent, and
transports no energy into the ice sheet. When k, is pure imaginary the mode
has sinusoidal dependence normal to the ice edge, and in this case it represents
a travelling plane wave with (real and positive) wavenumber k, wavelength A =
27 /k, which propagates at an angle 8, = arctan(k,/Imk,) to the z-axis.

(ii) Open sea region
For —o0 < z < 0 the modes must satisfy the open sea condition (2.13) which
occurs if k satisfies the dispersion equation

ktan(kH) = —w?/g. (2.17)

This equation has two pure imaginary roots ikt (where kr > 0) corresponding to
travelling plane waves propagating with positive and negative £ components, and
infinitely many real roots +k, (n =1, 2, ...), where (n — $)n/H < k, < nw/H,
corresponding to evanescent modes. Since the y-dependence of these modes sat-
isfies a self-adjoint boundary value problem it follows that the modes form a
complete set and are orthogonal for differing values of k2.

We consider only those roots of the dispersion equation which give rise to
bounded modes for the open sea region —oo < z < 0. Roots +ikr give the modes

e*r® cosh(kry),  where ki = \/k% — k2,

and for ocean wave forcing we require k, < kr (note k, = krsin6,). Then k% is
real and positive, and the mode represents a travelling plane wave. For each n
the real root k, gives the mode

e cos(kny), where Kk = \/k2 + k2,

which is always evanescent.
Thus any bounded potential in the open sea region —oco < z < 0 may be
written as

b, = (Ie_ik’T"’c + Reik/T"”) cosh kry + E an€®n® cos kny, (2.18)

n=1
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Oblique waves at fast ice 195

where I and R are the complex coefficients of the travelling waves propagating
with positive and negative x components respectively, and {a,} is the set of
coefficients of the bounded evanescent modes.

(iii) Ice-covered region

In the ice-covered region, 0 < z < oo we write the modes as ¢(z,y) =
e*=® cos(ky), replacing k by « to distinguish between the two regions. The wave
number k must satisfy the more complicated dispersion equation:

pw?

tankH = — .
rrans Lk* — mw? + pg

(2.19)

This dispersion equation also has two imaginary roots +ikt (kT > 0) correspond-
ing in general to travelling waves, four complex roots occurring as plus and mi-
nus a complex conjugate pair +xp and +k}, (kp has positive real and imaginary
parts) corresponding to damped travelling waves, and infinitely many real roots
+K, (n=1,2,...), where in general (n—3)7/H < k, < (n+3)r/H, each giving
an evanescent,mode. The y-variable boundary value problem for these modes is
not self-adjoint and in general these modes are not orthogonal. However, they do
form a complete set for functions satisfying the same boundary value problem.

Again we consider only the roots of dispersion equation (2.19) giving rise to
bounded modes. So the allowable modes for the ice-covered region, 0 < z < oo
are as follows:

The two imaginary roots +ikt give the modes

tikpz /K/’zl‘ _ kg
When &/, is real these modes represent travelling waves. However, when k, > s,
ki is pure imaginary and the modes are evanescent. Only the evanescent mode
which decays with penetration into the ice cover is an allowable bounded mode.
The onset of a pure imaginary k/. for ocean wave forcing corresponds to a critical
incidence angle, and total reflexion of the incoming wave.

The two complex roots kp and kf, lead to the two modes

’ %
e"? cos(kpy) and e"P® cos(kpy),  where  kp = 4/kH — k2,

and the branch of the square root is chosen to ensure that x5 = kp when k, = 0.
Note also that Re(kp) > Im(kp) always.
For each n the real root x,, gives the mode

!
e*n? cos(kny),  where kI =/K2+ k2,

which is always evanescent.
Hence any relevant potential in the ice-covered region, £ > 0, can be written

(S

cosh(kry),  where kI

. !
¢; = Te "% cosh Kty + b e "P” cos kpy

+b_e "B cos Ky + Z bpe "% cos kny, (2.20)

n=1
where T', by, b_ and {b,} are the complex coefficients of the various modes. The
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potential in this region must also, of course, satisfy the relevant ice edge boundary
conditions.

(iv) Matching across the plane z =0, 0 <y < H, —00o < 2 < 00

A solution of the boundary value problem can be found by matching the po-
tentials ¢, and ¢; on the plane x =0, 0 < y < H, —00 < 2z < 00, while ensuring
that the remaining boundary conditions are satisfied. The natural quantities to
equate across the matching boundary are the potential ¢ and its normal derivative
0¢/0x. Matching is achieved by minimizing the error integral,

_ H 2 H 8¢1 a¢o
6—/0 165 — 6ol dyw/o o

evaluated at x = 0. In this expression the constant y is a weighting term included
to improve convergence, and which empirically is set to 10 in most cases. The
solution to the wave forcing problem is then found by minimizing £ subject to
three extra conditions: the ice edge boundary conditions (2.15) and (2.16); and
an additional condition which — without loss of generality — restricts the incoming
wave in ¢, to have unit amplitude displacement. The two edge conditions give
rise to two linear equations relating the coefficients of ¢; in equation (2.20).

To facilitate the required calculations, the infinite sums in equations (2.18)
and (2.20) are terminated at some finite N, say, i.e. the first NV evanescent modes
only are included. The matching is performed for a sequence of increasing N until
the solution has converged to its final value. Using the property that the error,
£, is a quadratic form in the real and imaginary parts of the coefficients I, R ,
{a.}, T, by, b_ and {b,}, the minimization is performed, with respect to these
coeflicients, using a preconditioned linear conjugate gradient algorithm (Gill et
al. 1981) restricted to the affine subspace in which the three extra conditions are
satisfied.

An independent check is made on the resulting potentials to ensure that they
represent a system in energy balance. A relationship between the respective am-
plitudes of the travelling waves can be established by equating an energy flux in
the outward travelling plane waves to the forcing energy flux (Evans & Davies
1968). Denoting the amplitude reflexion and transmission coefficients by R and
T respectively, and using

2

dy, (2.21)

|R| (ch sinh nTH) |T|
R = "7 d 7T=(—2)
" krsinh ke H ) [1)°
the relationship is
DT?+R* =1, (2.22)
where
D= Re(k!) k4 sinh 2kr H
Re(k%)k4 sinh 261 H
" {%TH(LM} + pg — mw?) + sinh 2k H (LK% + pg — mw?) } (2.23)
pg(2ktH + sinh 2ky H) B

Note that this expression differs slightly from the expression given by Evans &
Davies (1968) which is in error for obliquely incident waves.
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Figure 2. Wavelength of deep water travelling wave for a range of periods at various
thicknesses.

3. Features of the model

(a) Constants used in the model

In subsequent calculations the following constants are used: £ = 6 GPa, v =
0.3, g =9.8ms 2 p=1025.0 kg m~3, and p; = 922.5 kg m~3.

(b) Deep water

The case of deep water can be treated by considering the depth H to be arbi-
trarily large. Since the roots of the dispersion equations corresponding to travel-
ling waves +ikt and +iky are imaginary, the terms tan(ikrH) and tan(iktH) in
equations (2.17) and (2.19), respectively, can be taken to equal i. Thus the deep
water travelling wave number for ocean waves is

kr = w?/g, (3.1)

while the deep water travelling wave number for ice-coupled waves is the positive
real root of

Lk + (pg — mw?)kr — pw® = 0. (3.2)
It should be noted that the approximation tan(kH) = i does not hold for the real
roots corresponding to evanescent modes, and consequently the two deep water
dispersion relations do not correctly predict the continuum of evanescent modes
which exist in the infinite depth limit.

The wavelength of the open sea and ice-coupled travelling waves, for a range of
periods and various ice thicknesses, is shown in figure 2. The wavelength of the
ice-coupled wave is almost always greater than the wavelength of the ocean wave
of the same period, and the wavelength increases with increasing ice thickness. For
a given ice thickness the wavelength of the ice-coupled travelling wave approaches
that of the travelling wave in the open ocean as period increases. At sufficiently
long period the wavelength curves for the open sea and ice-coupled travelling
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waves intersect, and the wavelength in the water exceeds that in the ice by a small
amount. The approach and subsequent intersection of the curves is a function
of ice thickness. The intersection appears to be due to the fact that at long
wave periods the stiffness of the ice sheet is negligible and the ice-coupled wave
effectively degenerates to a simple surface gravity wave modified slightly by the
effect of the mass-loading term, i.e. the model reverts to a mass-loading model
as the wave numbers become very small. In this limit ki — kr/(1 — mkr/p), so
that the wavelength in ice becomes less than the wavelength in water. The mass-
loading parametrization of an ice cover is the subject of several papers published
some 40 years ago (Peters 1950; Weitz & Keller 1950; Shapiro & Simpson 1953;
Keller & Weitz 1953), and more recently it has been used in connexion with the
modelling of frazil and pancake ice by Wadhams & Holt (1991).

(¢) The critical angle

The z-components of the open water wave number kr and its counterpart in
the ice kKt are equal. This provides a wave—ice-interaction equivalent to Snell’s
law as follows:

kT sin 90 = KT sin 01, (33)

where the dispersion relations (2.17) and (2.19) provide values for the wave num-
bers kr and k. It is of interest to consider the relative magnitude of these wave
numbers. If kt < kr then sinf; < sinf,, and the transmitted travelling wave
is refracted towards the normal at the ice edge. If, on the other hand, kt > kr
then sin #; > sinf, and the travelling wave is refracted away from the normal. In
the present context the former case only occurs when the wave numbers are very
small and the most common situation is kr > kr, as seen in figure 2. In that
case the angle of transmission 6; is always greater than or equal to the angle of
incidence 6,. But 6; < 90° so that a natural limit to the angle of incidence exists,
beyond which propagation into the ice cover cannot take place. This occurs when
0, = arcsin(kr/kr), thereby defining a critical angle for waves entering an ice
sheet.

Critical angle curves for several ice thicknesses are shown in figures 3-5 for deep
(1000 m), intermediate (100 m) and shallow (10 m) water respectively. Taking a
typical curve, for example the curve for 1 m of ice on deep water (figure 3), the
plots are interpreted as follows. To the right of each curve, the incoming wave
generates a transmitted ice-coupled travelling wave mode which propagates into
the ice cover. Along and to the left of each curve the incoming waves are perfectly
reflected from the ice margin, and no propagating ice-coupled mode is generated
within the ice sheet. The thicker the ice sheet, the more likely it is that the critical
angle will be exceeded since the individual critical curves move towards longer
periods as ice thickness is increased. The fine structure of each curve is also altered
qualitatively by ice thickness and by water depth. Shallow water tends to produce
curves which are concave down, whereas deep water produces curves which are
concave up. In figure 4 especially, the plotted 2-30 s period range includes deep
water at short periods and shallow water at long periods, and an inflexion point
is evident in all curves. Curves meet the 90° angle of incidence line vertically in
all cases since kKt — kr as the incoming wave approaches grazing incidence.

Phil. Trans. R. Soc. Lond,» A (1994)


http://rsta.royalsocietypublishing.org/

\\ \\

A
L

a

THE ROYAL A

J

i A

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

NP
olm
<=
=,
L O
=

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Oblique waves at fast ice 199
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Figure 3. Critical angle curves at various thicknesses for deep water.

90
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Angle of incidence / deg
8

Intermediate depth water
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Figure 4. Equivalent curves to figure 3 for water of intermediate depth (100 m).

(d) Surface displacements

For a given potential ¢ the associated surface displacement 7 is given by sub-
stituting equation (2.10) into equation (2.3). For sinusoidal forcing (cf. equa-
tion (2.10)) n(z, 2,t) can be represented as (the real part of) the complex function
¢(z)e“te*=* where the z-dependence is given by

((z) = L 8¢(@.y) (3.4)

w Oy lyen’
and where
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Figure 5. Equivalent curves to figure 3 for shallow water (10 m).

do(z,y) x<0,
(15(37,:11) = {¢i($,y) z>0. (35)

Using the mode representation of the potential in equation (2.18) the displace-
ment of the ocean’s free surface is given by

iwCo(e) = (Te™*1% + Ret?) krsinhkrH — Y ankasink,H.  (3.6)

n=1

Similarly the displacement of the ice sheet from equilibrium is given by
iw¢; = Te "%k sinh krH — b+nDe_"'D’ sin kpH — b_n]")e”‘gz sin kp H

- Z by kne " sin k, H. (3.7)
n=1

(€) Strain in the ice sheet

The strain at the surface of the ice sheet at a point (z, 2) where > 0, and in
a direction 6 to the z axis, is the fractional extension of the ice in that direction.
When the displacement is small the strain s(z, z,0) is related to the local radius
of curvature of the ice sheet in the vertical plane at angle 6, denoted r(z, z,8),
by

1
s(z, 2,0) = _%hm
on 9
_ dz?  9xdz | [cosb
— _%h(COSQ sin 9) 627’] 62,,72 . (sin 9) (38)
0x0z 922
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Oblique waves at fast ice 201

At each instant in time and at each point, the principal strains e are given by
the eigenvalues of the matrix

o O
2
e=—1n gf 352‘9" : (3.9)
n U
0z0z 02?2

and the directions of the principal strains are given by its eigenvectors. The direc-
tions of the principal strains can be shown to satisfy (Timoshenko & Woinowsky-
Krieger 1970)

B 827) 3277 3277
Since the physical displacement is
n(z, z,t) = Re (¢(z)) cos(wt + k,z) — Im ({(z)) sin(wt + k.z), (3.11)
writing ¢ = wt + k,z the strain tensor € becomes
20, .
Re <%> —k,Im (6C')
__1 Ox? Oz
€= —3hcosyp ac
—k.Im [ =2 —k? .
bin(52)  ~KRe(q)
2 .
Im (3_4) ~k.Re (g_")
+3hsing xa a: (3.12)
—k,Re (—”) —k2Im ()

oz

At each point in the ice sheet the maximum principal strain, which coincides with
the maximum strain occuring at the point, can be found as the largest eigenvalue
of € in equation (3.12) as ¢ ranges from 0 to 27.

4. Results

(a) Reflezion and transmission plots

In figures 6, 7 and 8 we have plotted for three ice thicknesses respectively, the
amplitude reflexion coefficient as a function of incidence angle at wave periods 5 s,
10 s, and 20 s, and the corresponding transmission coefficient curves in this case
with respect to angle of transmission. The plots are drawn perpendicular to one
another to enable the reader to relate angle of incidence to angle of transmission
using the additional plot provided.

The reflexion coefficient curves of figures 6, 7 and 8 are all similar in structure.
In most cases the reflexion coefficient decreases from its value at normal incidence
to a minimum, and then increases rapidly to unity at the critical angle. The 20 s
case is slightly different in figures 6 and 7 which correspond to relatively thin
ice for a wave of this wavelength. Here the wave is long enough to suffer mini-
mal reflexion at the ice edge, and the reflexion coefficient subsequently increases
monotonically as angle of incidence is increased, reaching a value of one only at
grazing incidence.

The plots of incidence angle 6, versus transmission angle 6; are also similar
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Figure 6. The reflexion coefficient plotted as a function of angle of incidence, the transmission
coefficient plotted as a function of angle of transmission, and the relationship between the angles
of incidence and transmission for 1 m thick sea ice on 100 m of water.
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Figure 7. Equivalent curves to figure 6 for ice of 2 m thickness.

at each thickness. Again in most cases 6; > 6,, with 6; attaining 90° at some
critical angle of incidence in the range 0 < 6, < 90°. The O—critical angle range of
incidence angles is therefore mapped onto a 0-90° range of transmission angles.
The two 20 s curves in figures 6 and 7 again behave differently. For most incidence
angles ¢; ~ 0,. However, as the wave nears grazing incidence, i.e. §, — 90°, the
value of 6; drops below 6,. This is caused by the effect discussed in § 3 b; the model
degenerates to a mass-loading model at these wave numbers.

Excluding the 20 s wave in figures 6 and 7, the transmission angle increases
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Figure 8. Equivalent curves to figure 6 for ice of 5 m thickness.

from its value at normal incidence to a maximum at the critical incidence angle.
Thereafter transmission decreases to zero at grazing incidence. The transmission
angles for 20 s waves at ice thicknesses of 1 m and 2 m, however, essentially remain
at their normal incidence values of one before gradually decreasing monotonically,
reaching zero at grazing incidence.

The effect of increasing wave period on the reflexion coefficient is to move the
respective curves towards higher incidence angles, i.e. long waves are less likely
to be totally reflected from the ice sheet than are short waves. The effect of
increasing thickness is to move the curves towards lower incidence angles, i.e. as
would be expected, thick ice is more likely to totally reflect incoming waves. Long
wave periods in thin ice, as we have seen above, do not have critical angles in the
0 < 6, < 90° range; their ‘critical angle’ occurs at grazing incidence, i.e. when
0, = 90°.

(b) Three-dimensional plots

Figures 9 and 10 illustrate the behaviour of the reflexion coefficient as a function
of both incidence angle and wave period. The three-dimensional plots are for 1 m
thick sea ice, at a water depth of 100 m and 10 m respectively. In each case
the variation with the period is drawn as a solid curve, and the variation with
incidence angle is drawn dashed. The critical angle is reached when the solid
curves reach a reflexion coefficient of unity and the concomitant critical angle
curve is shown dotted. There is a distinct difference between the structure of
the curves for the 100 m (intermediate depth) and 10 m (shallow depth) cases,
whereas the equivalent deep water (1000 m) curves are very similar to those of
figure 9 and have therefore not been included. The differences shown reflect the
structure of the corresponding curves of figures 6-8, and the critical angle plots
of figures 3-5.
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Reflexion coefficient

Figure 9. Three-dimensional plot showing the variation of reflexion coefficient with angle of
incidence and wave period for 1 m thick sea ice on a water depth of 100 m. The critical angle
curve corresponding to figure 4 is shown dotted.

Reflexion coefficient

Figure 10. Equivalent curves to figure 9 for a water depth of 10 m. The critical angle curve
corresponding to figure 5 is shown dotted.

(¢) Strain

In this section we present some results which derive from expressions (3.9)
and (3.12) of §3e as a series of figures 11-17 intended to illustrate the various
possibilities that can arise when a wave train of a given period propagates into
shore fast sea ice. Three angles of incidence are considered: 0°, 30°, and 60°; and
three periods: 5 s, 10 s and 20 s. Results are given only for a single water depth
of 100 m and a single ice thickness of 1 m; equivalent graphs may of course be
computed for any realistic water depth or ice thickness. All curves are normalized
to 1 m incident wave amplitude. Each figure in the series comprises three parts:
an upper part where the strain in the z-direction, i.e. perpendicular to the ice
edge, is plotted as a function of distance from the ice edge; a lower part where
the maximum absolute principal strain is plotted, again with distance from the
ice edge; and a middle part where directed line segments are plotted representing
the two principal strains and their directions through the wave cycle, with the
convention that positive strain is drawn solid and negative strain is drawn dotted.
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Figure 11. Strain normal to the ice edge as a function of penetration (upper figure), schematic
showing principal strains propagating into the ice cover with positive strain drawn solid and
negative strain drawn dotted (middle figure), and maximum principal strain as a function of
penetration (lower figure). In this case the waves are of 5 s period and are normally incident
onto a 1 m thick ice sheet floating on 100 m of water.

The middle schematic, therefore, has distance from the ice edge across the page
as usual, and time perpendicular to this. In all cases we show results for only the
outer 200 m of the ice sheet.

Figure 11 is for waves with 5 s period entering the ice sheet at normal incidence.
As such it may be compared directly with fig. 3a of Fox & Squire (1991a). Since
the wave is propagating in the z-direction the model reduces to two-dimensions,
and boundary conditions (2.8) and (2.9) at the ice edge become simply

0% [0¢ _5’3 0o\ ot _
@(8_1/)—@(51/_)—0’ x=0", y=H. (4.1)

The maximum principal strain in this case is just the strain perpendicular to the
ice edge, so that the upper and lower figures are identical; the second principal
strain vanishes. Furthermore, the simplified boundary conditions (4.1) impose the

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

206 C. Fox and V. A. Squire

A

A Y
\\ \\\
P

/
/A

Y

A

Ice edge

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Maximum principal strain
o N & o

0 20 40 60 80 100 120 140 160 180 200
Distance from ice edge /m

Figure 12. Equivalent strain plots to figure 11 for an angle of incidence of 30°.

constraint that the bending moment — and hence the strain — must vanish at the
ice edge itself, together with its z-derivative. From its zero ice edge value figure 11
shows that the strain resulting from an incoming wave of unit amplitude rises
rapidly to a value which is large enough to cause the ice sheet to break. (Sea ice
has been observed to fracture at a strain of 3 x 1075 by Goodman et al. (1980),
and between 4.4 x 107° and 8.5 x 10~° by Squire & Martin (1980).) In the far-field
the curve approaches an asymptote as the strains due to evanescent and damped-
travelling wave modes die away to leave only the transmitted wave component.
The equivalent figures for 10 s and 20 s period waves have almost identical shape,
differing only in the wavelength of the transmitted wave in the ice sheet and also
in the position of maximum strain; the maximum strain occuring at 60 m and
65 m from the ice edge for 10 s and 20 s period waves respectively. The far-field
strain magnitude is strongly dependent on wave period (and also ice thickness)
and drops from close to 6 x 10™* at 5 s period to close to 5.5 x 10~* at 10 s and to
8 x 1075 for 20 s period waves; the ice bends most easily within a band of periods
determined by both the reflexion/transmission process and curvature which act
in opposition. At short periods (or for thick ice) the strain reaches a maximum
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Figure 13. Equivalent strain plots to figure 11 for an angle of incidence of 60°.
before dropping to its asymptotic limit, but as the period increases the peak

becomes less pronounced and for long periods the strain increases monotonically
from zero at the ice edge to its interior asymptotic value.

In figures 12, 14 and 16 equivalent results to the above are shown when the
angle of incidence 6, = 30°. In this case the strain normal to the ice edge and the
maximum principal strain are not identical, as the waves no longer propagate in
the z-direction. The second principal strain is now non-zero. Also consequent to
the boundary conditions (2.8) and (2.9), strain does not vanish at the ice edge.
The 5 s result of figure 12 is perhaps the most interesting as in this case a glance
at figure 4 shows the incoming wave to be supercritical, i.e. no travelling wave
mode penetrates the ice cover and the effect of the incoming wave is manifested
purely as the sum of evanescent modes which decay away from the ice edge. Both
the strain normal to the ice edge (upper figure) and the maximum principal strain
(lower figure) decrease monotonically from their values at z = 0 to zero, though
the former strain shows some fine structure. By about 100 m there is no significant
strain. In figures 14 and 16 equivalent results are presented for 10 s and 20 s waves

]
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Figure 14. Strain normal to the ice edge as a function of penetration (upper figure), schematic
showing principal strains propagating into the ice cover with positive strain drawn solid and
negative strain drawn dotted (middle figure), and maximum principal strain as a function of
penetration (lower figure). In this case the waves are of 10 s period and are incident onto a 1 m
thick ice sheet floating on 100 m of water with an angle of incidence of 30°.

respectively. In both cases the wave is incident on the ice sheet at a subcritical
angle of incidence 6,, so a travelling wave is generated within the ice to which
the strain field settles down in the far-field. The travelling wave propagates at an
angle 6; to the z-axis. Closer to the ice edge, where the evanescent and damped-
travelling modes still play a role, the situation is quite confused as can be seen
in the middle schematic of each figure. Indeed the strain normal to the ice edge
decreases from its ice edge value to a minimum some 8 m in, before then increasing
monotonically to its far-field magnitude. The maximum principal strain increases
steadily from its ice edge value up to its interior value.

Results for 6, = 60°, as shown in figures 13, 15 and 17, are similar to those
when 6, = 30°. The 5 s wave case shown in figure 13 again impinges on the
ice plate supercritically, but in this case the fine structure evident in the upper
figure representing the magnitude of the strain perpendicular to the ice edge is
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Figure 15. Equivalent strain plots to figure 14 for an angle of incidence of 60°.

more pronounced. Here a peak strain is predicted at about 16 m penetration.
Subsequently — like the maximum principal strain — the strain decreases to zero,
becoming insignificant at about 60 m where the evanescent modes have attenu-
ated. Figures 15 and 17, showing 10 s and 20 s waves entering at 60° incidence,
are again subcritical examples so in both cases a transmitted wave exists for
large . Hence both the maximum principal strain and the normal strain tend
asymptotically to a non-zero value in the far-field. Again, closer to the ice edge
the strain field is complicated due to the presence of evanescent and damped-
travelling modes.

(d) Energy density

At a single frequency the infinitesimal incident energy density dE, associated
with an infinitesimal angular spread dé, is given by

dE, = G,(6,) db,, (4.2)

where G,(0,) is the incident energy density per angle of incidence, which is also
known as the (open water) spreading function. Denoting the amplitude far-field
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Figure 16. Strain normal to the ice edge as a function of penetration (upper figure), schematic
showing principal strains propagating into the ice cover with positive strain drawn solid and
negative strain drawn dotted (middle figure), and maximum principal strain as a function of
penetratlon (lower figure). In this case the waves are of 20 s period and are incident onto a 1 m
thick icé sheet floating on 100 m of water with an angle of incidence of 30°.

transmission coefficient at angle 6, by 7, the energy in the corresponding in-
finitesimal range of transmitted angles dé; is

Phil. Trans. R. Soc. Lond. A (1994)

p—d
§ >_‘ d.E'l = T2 dEO = G,(B,) d9i, (43)
olm where G;(6;) is the spreading function in the ice-covered region (the energy density
(=4 E per angle of transmission). Hence,
TS Gi(0) = T2G, (0,) 2o (4.4)
H = 1 1 o o del M M
1) We first consider an omnidirectional sea, i.e. one where G,(6,) = 1. Then the
Yo spreading function in the ice is simply
£F ,df,
8(1) do;
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Figure 17. Equivalent strain plots to figure 16 for an angle of incidence of 60°.

The function G;(6;) is plotted in figure 18 for several wave periods and ice thick-
nesses. All curves are symmetric about normal incidence/transmission. At 10 s
and 20 s in a 1 m ice sheet, G;(6;) is relatively insensitive to transmission angle 6;,
except near critical incidence where the curves decrease rapidly to zero. Here the
transmitted wave is propagating almost parallel to the ice edge. The curves also
drop to zero in the situation where no critical angle exists, but only at grazing
incidence where the transmission coefficient vanishes. At 5 s the curve begins to
show some structure, with a minimum forming at normal transmission, and two
maxima forming at a transmission angle of about 63°. A 5 s wave suffers con-
siderable reflexion at the ice edge so G;(6;) for this period takes on rather small
values. For convenience the same 5 s curve is also shown solid in the right hand
figure, where the effect of thickness is considered. Here it is clear that an increase
in thickness serves mainly to diminish the amount of energy penetrating the sea
ice, the curves have roughly the same qualitative form, though there is a slight
movement of the peak towards higher incidence angles (2 m: ~ 66°, 5 m: ~ 69°).

We now relax our omnidirectional condition and consider a sea with a unimodal
structure. After Longuet-Higgins et al. (1963) the open water spreading function
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Figure 18. The ice spreading function Gi(6;) for a water depth of 100 m. The figure on the left
shows Gi(6;) for 5 s, 10 s and 20 s wave periods in 1 m of sea ice; the figure on the right shows
Gi(6:) for 1 m, 2 m and 5 m of ice at a wave period of 5 s.

G,(6,), about a principal wave direction 8,, is then assumed to take the form
Go(8,) = cos®(3(8, — 0,)). (4.6)

The factor s is strictly a frequency dependent index. Indeed Hasselmann et al.
(1980) suggests that s = 9.77(f/ f,) 2%, where f,, is the frequency correspond-
ing to the peak in the power spectral density. The root mean square spread about
the mean wave direction is therefore a function of wave period. For the present
study we have taken s = 10 after Ewing & Laing (1987), who found this to be
typical of their measured values close to the spectral peak for seas near full de-
velopment. The drop off with frequency predicted by Hasselmann and co-workers
is greater than observed by Ewing et al. (1987). In the present context, the ne-
glect of any frequency dependence in the spreading function G,(6,) is not seen as
critical, as changing s does not alter the final result markedly. A value of s = 10
implies a root mean square spread of approximately 24°.

Using expression (4.6), an energy density value corresponding to a single prin-
cipal angle of incidence may be found by integrating equation (4.2) over all ad-
missible angles. We consider only the energy impinging on the ice sheet in this
calculation, i.e. we do not include waves travelling away from the ice in our inte-
gration. In a similar way, equation (4.3) may also be integrated — substituting for
G;(6;) from equation (4.4) — to give a single value for the energy density inside
the ice cover corresponding to the same principal incidence angle. We now allow
the principal angle of incidence to range from —90° to 90°, thereby defining two
energy density curves; one for the open water energy incident on the ice sheet,
and one for the transmitted energy in the ice sheet in the far-field. Open water
curves (drawn solid) are plotted as functions of principal incidence angle 6, in
figures 19, 20 and 21. The figures correspond to the same 1 m ice thickness, but
are respectively for 5 s, 10 s and 20 s period waves. Also plotted (drawn dashed)
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Figure 19. The incident normalized energy density (solid line) and the transmitted far-field
energy density (dashed line) for a 5 s wave for various principal angles of propagation. Ice
thickness is 1 m and water depth is 100 m. The dotted lines joining the two curves show the
mapping between the angle of incidence and the angle of transmission. For discussion see text.

are the equivalent curves within the ice cover plotted against the mean angle of
transmission #;, say, corresponding to 8,. The mapping between 8, and 6; is shown
by the dotted lines linking the curves in each figures. All incident energies are
normalized to unit amplitude waves. At 5 s (figure 19) the energy density within
the ice at all mean angles of incidence is markedly reduced due to the reflexion
process at the edge. In this case the maximum energy density in the ice occurs
at normal incidence. A rather different picture emerges for 10 s wave (figure 20),
where less reflexion takes place at the ice edge with the result that more energy is
available in the far-field. Here the peak energy density does not occur at normal
incidence, but at an angle of transmission of about 55°. In figure 21, where a 20 s
wave is considered, minimal reflexion occurs at the edge of the 1 m ice sheet and
the two energy density curves almost superimpose. Energy density is maximum
for waves propagating with their mean direction normal to the ice edge. Unlike
the previous two figures, figure 21 represents a situation where no critical angle
exists and thus ; < 6,.

5. Conclusions

In this paper we have developed a precise linearized model for the reflex-
ion/transmission process at the margin of a sheet of shore fast sea ice, and we
have then gone on to report some of the model’s predictions. The model has two
shortcomings which the reader might question: the use of linearized equations;
and the use of a small deformation-gradient elastic constitutive relation for sea
ice. The former assumption has been addressed in a recent paper dealing with
normal incidence by Fox (1992), which investigates the consequences of including
second order terms in the equations. The higher order work shows the develop-
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Figure 20. Equivalent curves to figure 19 for a wave period of 10 s.
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Figure 21. Equivalent curves to figure 19 for a wave period of 20 s.

ment presented here to be valid over a wide range of incident wave amplitude
conditions. The adoption of a linear elastic theory, again at normal incidence,
is relaxed in Squire & Fox (1992) where some viscosity is included in the plate
boundary condition (2.7). Its principal effect is to impose attenuation on the
travelling wave, and this gradual decay is actually seen in the few observations
that are available (Squire & Fox 1992). These data support a linear viscoelastic
formulation with a small, velocity-dependent damping term in the plate equa-
tion, though too few measurements are available to be sure of its magnitude for
different ice types. The inclusion of viscosity does not change significantly any
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of the results reported in the current paper if the travelling wave is assumed to
decay gradually with distance from the ice margin.

Results from this work are not limited solely to the interaction of ocean waves
with sheets of shore fast sea ice; they have wider appeal. Recently the elastic plate
analogy has been used to represent wave propagation into pack ice (Liu & Mollo-
Christensen 1988; Liu et al. 1991a,b, 1992; Squire & Fox 1991), and in a simpler
form — i.e. with flexural rigidity L = 0 — it has been used to represent waves in
frazil or pancake ice (Wadhams & Holt 1991). The current paper reports results
which have direct application to these studies: it provides the precise behaviour
of several relevant parameters, e.g. R, 7, the mapping between 6, and 6;, the ice
spreading function G;(6;), etc.; and it explains quantitatively features occurring
in the various datasets that currently exist or are coming on line with the advent
of the ERS-1 synthetic aperture radar datastream.

Significant results in this paper include the following.

1. The precise solution of the wave—ice-interaction problem for shore fast sea
ice; results are also pertinent to ocean waves travelling into other ice types such
as frazil and pancake ice if L = 0, or a marginal ice zone (L # 0).

2. Critical angle curves for various water depths at a variety of typical ice
thicknesses (figures 3-5).

3. Reflexion and transmission coefficient curves at different periods, and the
mapping between angle of incidence 6, and angle of transmission 6; (figures 6-8).

4. Principal strain curves and strains normal to the ice edge for various angles
of incidence and wave period (figures 11-17).

5. The spreading function G;(6;), computed for an omnidirectional incident sea
(figure 18).

6. Normalized energy densities as a function of incidence angle using an open
water spreading function described by equation (4.6) for various wave periods
(figures 19-21).

The authors are indebted to the New Zealand Foundation for Research, Science and Technology,
the Universities of Otago and Auckland, the New Zealand University Grants Committee, and the
New Zealand Department of Scientific and Industrial Research for their support. The majority
of the numerical work in this paper was carried out using the MATLAB™ computer language;
its abilities are acknowledged without reserve.

Appendix A. The ice edge boundary conditions

Suppose X = (0,z,) and Z = (2o, 21) are intervals in the plane of the plate, and
let T' = (to,t1) be an interval in time. A variational statement of equation (2.6)
can be formed by multiplying both sides of the differential equation by a variation
6n and integrating the result over the region X x Z x T'. Writing p = P, — mg
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and using suitable transformations (Hildebrand 1965) we find that

6 f / / (L{Em2, + 2, + (L — a)n2, + anuenzz} — smn; — pn) dedzdt

XXZxT

+// m[ntén]ﬁ; dz dz
XXxXZ

8V2
ZxT

0
21

avg
+ // |:< (1 - a)anwz 677 —L (nzz + Oé’l]wz) 5772 dz dt
XxT

20

- [ (L0 = cpne.onf ) at

=0 (A1)
for any constant a. In this problem the terms in each integrand have physical
significance when « is identified with the Poisson’s ratio, v, for sea ice.

In the first integral the part of the integrand involving L is the strain energy
due to the curvature of the plate, the term —pn is the potential energy due to
the transverse pressure, and %mnt2 is the kinetic energy, all per unit area. Each of
these terms give instantaneous energies. In the third integral the term multiplying
the variation at the ice edge, 6n at = 0, is minus the effective transverse force
associated with the variation in deflexion, while the term multiplying the variation
in normal derivative 67, is the associated bending moment. Terms in the fourth
integral have similar interpretations along the lines z = const..

The first line of equation (A1) is the variation of an integral over the whole
region, whereas the subsequent boundary integrals depend only on 7, its variation
6n, and their derivatives on the boundary of the space-time region X x Z x T.
The natural boundary conditions at the ice edge, corresponding to the fact that
it is free to move, are found by ensuring that the contributions to the boundary
integrals when x = 0 are each zero. Consequently we need only consider the
boundary conditions required to make the x = 0 term in the third integral vanish.
This occurs when there is no net transverse force or bending moment at the ice
edge z = 0", i.e, when

0
L—V? —v)L =
SV (1= 1)L = 0, (a2)
and
L (g +vn2:) = 0. (A3)
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